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Seeing inside of a body: Computed Tomography
» f(x,y) a section of a real 3D body f(x,y, z)
> g,(r) a line of observed radiographe gy(r, z)

» Forward model:
Line integrals or Radon Transform

go(r) = /L f(x,y)dl 4+ €4(r)
re
- //f(x,y)é(r—xcos¢—ysin¢)dxdy+e¢(r)

> Inverse problem: Image reconstruction

Given the forward model # (Radon Transform) and
a set of data gy, (r),i=1,---, M
find f(x,y)
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2D and 3D Computed Tomography

Projection:
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gs(rn,n) / f(x,y,z)dl  g4(r) = / f(x,y)dl
risr,é

)
Forward probelm: f(x,y) or f(x,y,z) — gy(r) or gs(r1, r2)
Inverse problem: gy(r) or gs(ri, ) — f(x,y) or f(x,y,z)
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Microwave or ultrasound imaging

Mesaurs: diffracted wave by the object ¢4(r;)
Unknown quantity: f(r) = k3(n?(r) — 1)

Y Meamanent

Intermediate quantity : o(r) sk -
a(ri ://G (ri,Yo(")F(F)d¥, rie S ﬁ
/ Go (r r () /U V
Born apprOX|matlon (() ') =~ go(r)
¢d I’, // G I’,, ) ( ) ,7 ri € S
Discretization : %o (,f)
$q = H(f)
Pg= GmF o with F = diag(f) &
¢ = ¢+ GoFP

H(f) = G,,F(I — GoF) 1o

A. Mohammad-Djafari, Bayesian inference & algorithms for large scale CT, 19th HERCULES Specialized Course, Greno



Fourier Synthesis in X ray Tomography
glr,9) = //f(x,y)é(r—xcos¢—ysin<f>)dxdy
6(2.0) = [glro)ern(-nnd

Flux,wy) = // f(x,y) exp [—jwxx, wyy] dxdy
F(wx,wy) = P(Q, ¢) for wy=Qcos¢ and w, =Qsin¢

Ay Ay

\4 v W Q

F(wx,wy)

Xy
cy

—+ ,  &(r¢)-FT-G(Q,¢)
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Fourier Synthesis in X ray tomography

Flwx,wy) = // f(x,y)exp[—jwxx,wyy] dxdy
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Fourier Synthesis in Diffraction tomography

-k kg w

Incident
plane wave

Diffracted
wave .f
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Fourier Synthesis in Diffraction tomography

F(wx,wy) = // f(x,y)exp[—jwxx,wyy] dxdy
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Fourier Synthesis in different imaging systems

Flwx,wy) = // f(x,y)exp[—jwxx,wyy] dxdy

X ray Tomography  Diffraction Eddy current SAR & Radar
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Invers

v

Problems: other examples and applications

X ray, Gamma ray Computed Tomography (CT)
Microwave and ultrasound tomography

Positron emission tomography (PET)

Magnetic resonance imaging (MRI)
Photoacoustic imaging

Radio astronomy

Geophysical imaging

Non Destructive Evaluation (NDE) and Testing (NDT)
techniques in industry

Hyperspectral imaging

Earth observation methods (Radar, SAR, IR, ...)

Survey and tracking in security systems
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Computed tomography (CT)

A Multislice CT Scanner

Fan bsam X-ray Tomography
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g(s)) = /L (1) i+ e(s)

Discretization
g=Hf +¢
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X ray Tomography

@K g(r,¢)=—In (IL) = /Lw f(X,)T) d/

° g(faﬁb)://Df(x,y)é(r—xcosqﬁ—ysmgb)dxdy
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Analytical Inversion methods
Se Y Iy
(X, y

4 .

X

| " oD
g(r,9)

Radon: |

g(r,9) = //Df(x./y)é(r—xcosqﬁ—ysingb)dxdy

B 1 g +o0 %g(r,@
fray) = <_2772>/o /oo (r—xcos6—ysing) " 4
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Filtered Backprojection method

+00 9
Eg(fﬁ)
f(x,y) = ( 27T2>/ / r—xcos¢—y5in¢)drd¢

Derivation D :  g(r,¢) = agg; ?)
Hilbert Transform¥ : gi(r',¢) = 1/ (gr(ﬂ Cf,)) dr
™ Jo —

1 ™
Backprojection B : f(x,y) = 27r/ gi(r' = xcos¢ + ysin ¢, ¢) do
0

f(x,y) =BHDg(r,¢) =B F, ' |Q| Fig(r, )

e Backprojection of filtered projections:

~

gﬂ) FT R Filter \I;:l; gﬂb Backprlcgjection
1

f(xy
R
Fi1 Q]
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Examples of reconstruction by FBP using CTsim
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Examples of reconstruction by BP (128 projections)

D{ | HH
D{ LQJ :
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Examples of reconstruction by FBP (128 projections)
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Examples of reconstruction by FBP (32 projections)
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Limitations : Limited angle or noisy data

0

60

-0 )
40 20 0 20 40 6 60 40 20 0 20 40 60 -60 40 =20 0 20 4 60 20

Original 64 proj. 16 proj. 8 proj. [0,7/2]
» Limited angle or noisy data

» Accounting for detector size
» Other measurement geometries: fan beam, ...
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Limitations : Limited angle or noisy data

S ow w0 0w W w 0 o 0 o 0 40 20 o 0

Original Data Backprojection Filtered Backprojectiol
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CT as a linear inverse problem

Fanbsam ){—rayI Tomography
-1 e e
-0.5
o
0.5
1 Saures pasitions e Detector positians

-1 -05 0 0.5 1

g(si) = / f(r) dli + e(s;) — Discretization — g = Hf + €

i

» g, f and H are huge dimensional
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Algebraic methods: Discretization

Ay HU
S
) e f1
£ N f-j
(X
L ) 8i
@ > fN
X
- oD f(X7y):ZJf]bj(va)
| 1 if (x,y) € pixel j
glr.o) bilxy)=13 e|s(e y) € pixel ]
N
g(r0) = [ Flx)al G= Hyifte
j=1
g=Hf +e€
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Inversion: Deterministic methods
Data matching

» Observation model
g,'Ih,'(f)—i-G,', Izl,,M—>g:H(f)—|—6
» Misatch between data and output of the model A(g, H(f))

o~

f = argfmin {A(g, H(f))}

» Examples:
- LS A(g H(f)) = [[g — H(f Z\g,—h

- L, Ag H(f)) = llg — H(f) \”ZZIgi—h,- P,1<p<2

- KL Zg,lnh(f

» In general, does not give satisfactory results for inverse
problems.
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Deterministic Inversion Algorithms
Least Squares Based Methods

f=argmin{J(f)} with J(f) = ||g — Hf|?
f

VJ(f) = —2H (g — Hf)

Gradient based algorithms:

> Initialize:  £(©)

> lterate: flkt1) — §(K) — o J(FK)
At each iteration:  f+D) = £(K) 4 oHt <g - Hf(k)>
we have to do the following operations:

» Compute g = Hf (Forward projection)

» Compute &g =g — g (Error or residual)

» Distribute §f = H'0g (Backprojection of error)

» Update fktD) = £(k) 4 sf
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Gradient based algorithms

Operations at each iteration: f41) — £(K) 4 oRt (g - Hf(k))

» Compute g = Hf (Forward projection)

» Compute &g =g — g (Error or residual)
» Distribute §f = H'dg (Backprojection of error)
» Update fk+1) = f(K) 4 5f
Initial estimated Forward projections of Measured
guess—| image | — | projection | —» | estimated image | —| - |« | projections
£(0) (k) H g = Hf(k g
T 4
update compare
correction term Backprojection correction term in
in image space | «+— pHi — projection space
5f = Hisg bg=g—&

A. Mohammad-Djafari, Bayesian inference & algorithms for large scale CT, 19th HERCULES Specialized Course, Greno



Gradient based algorithms

» Fixed step gradient:
flk+1) — (k) 4 qH? (g _ Hf(k)>
» Steepest descent gradient:

ﬁwn:ﬁm+awH%g_Hwﬂ

with o) = argmin, {J(f + adf)}
» Conjugate Gradient

fk1) _ g0 4 o g(k)

The successive directions d(¥) have to be conjugate to each
other.
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Algebraic Reconstruction Techniques

» Main idea: Use the data as they arrive
f+1) — £(R) 4 o [RY);, (gl. — [Hf(k)]i>

which can also be written as:

(& — (HF¥)];)

flk+1)  — g(k)
- hi h;.

hi,
H; <)
— f(k) +Z ( ZX?HUJ J )Hij

i

A. Mohammad-Djafari, Bayesian inference & algorithms for large scale CT, 19th HERCULES Specialized Course, Greno



Algebraic Reconstruction Techniques

> Main idea: Use the data as they arrive
flkD) — 00 4 (D[R, (gi _ [Hf(k)]i>

which can also be written as:

(& — W)
hih;.

_ f(k)+Z< Z:quﬁk))

» Main idea: Update each pixel at each time

(k)
(k4+1) _ £(k) ( Z H’Jlj )
) = £ 4 H;
/ )oF HU
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Algebraic Reconstruction Techniques (ART)

= 5, Hy £
fl+1) — (k) 4 Z (g ZEJH”;J >Hij
i iy

or
k)
S AL
(k1) _ (k) (g' 2 Hif
> Hij
Initial estimated Forward projections of Measured
guess—| image | —s | projection | —» | estimated i |mage —| = |+ | projections
£(0) (k) H =20 Hyf j g
T 1
update compare
T 4

correction term Backprojection correction term in

in image space Hg — projection space
§f = 3°; Hj i =g —&
> Hij ZJ i ogi = gi — &
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Algebraic Reconstruction using KL distance

> f=argming {J(F)} with J(f)=,gn ﬁ
(k+1) 7 8i

f. — J H,il

I szjzww

Interestingly, this is the OSEM (Ordered subset
Expectation-Maximization) algorithm which is based on
Maximum Likelihood and proposed first by Shepp & Vardi.

. estimated .
Initial image f() Forward projections of Measured
gLEe?SH O g projection | —» | estimated |ma(gke) — - <— | projections
£(0 (k+1) _ H g = > Hjf: g
f - X Hj R
T 1
update compare
1 i
correction term . correction term in
in imlage space Backp;::gectlon projection ;pace
§f = —— 3. H;idg; ;= 20
i = 55w > Hijdgi ogi =3
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Inversion: Regularization theory

Inverse problems = lll posed problems
—  Need for prior information
Functional space (Tikhonov):

g =H(f) +e— J(F) = llg = H(F)I[Z+ N|DFII3

Finite dimensional space (Philips & Towmey): g = H(f) +
e Minimum norme LS (MNLS): Jf) =g — H( N2+ )\HfH2
e Classical Quadratic regularization:  J(f) = ||g — H(f)||*> + \||Df||3
e L1 or TV regularization: J(f) = ||g — H(F)||? + \||Df||1

e More general regularization:

Limitations:

e Errors are considered implicitly white and Gaussian

e Limited prior information on the solution

e Lack of tools for the determination of the hyperparameters
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Bayesian estimation approach
M: g=Hf+e€
» Observation model M + Hypothesis on the noise € —
p(g[f; M) = pe(g — H)
» A priori information p(f|M)
p(glf; M) p(f|M)
p(g|M)

» Bayes : p(flg; M) =

Link with regularization :

Maximum A Posteriori (MAP) :
f = argmax {p(flg)} = org max {p(glf) p(f)}

= argfmin {=Inp(g|f) —Inp(f)}

with  Q(g,Hf) = —Inp(g|f) and AQ(f) = —Inp(f)
But, Bayesian inference is not only limited to MAP
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Case of linear models and Gaussian priors
g=Hf +e¢€

Hypothesis on the noise: € ~ N(0,02l)

v

1
plelf) o exp | 51 g — ]
Hypothesis on f : f ~ N(0,02l) ‘

1
f ——|If||?
p(0) x 0 |5 1]

v

> A posteriori:
1
pll8) x exp |51 6~ HIIP = 551117
» MAP: f=arg maxg {p(f\g)} = argming {J( )}
with — J(F) = g —HF2+AIf|2 A=%

v

Advantage : characterization of the solution

flg ~ N(f,P) with f=PH'g, P = (HH+A)"
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MAP estimation with other priors:
f=argmin{J(F)} with J(f) = ||g — HFf||> + AQ(f)
f

Separable priors:

> Gaussian: p(f;) oc exp [—alfi]?] — Q(F) = [[f]> = a2, |f]?
Gamma: p(fj) oc {* exp [-Bf]] — Q(f) = a >, Inf; + Bf;
> Beta:
p(f) o £7(1— )7 — Q(F) = a Y, Inf+ A5 (1 — £)
Generalized Gaussian:
p(fi) xexp[—alfilP], 1<p<2— Qf)=a)|fl,

Markovian models:

p(filf) ccexp | —a D o, )| — Q) =a) > o(f,f),

i€N; JoieN;

v

v
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Main advantages of the Bayesian approach

» MAP = Regularization

» Posterior mean 7 Marginal MAP ?

» More information in the posterior law than only its mode or
Its mean

» Meaning and tools for estimating hyper parameters

» Meaning and tools for model selection

» More specific and specialized priors, particularly through the
hidden variables

» More computational tools:

» Expectation-Maximization for computing the maximum
likelihood parameters

» MCMC for posterior exploration

» Variational Bayes for analytical computation of the posterior
marginals
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Full Bayesian approach
: g=Hf+e€
» Forward & errors model: — p(g|f, 61; M)
» Prior models — p(f|62; M)
» Hyperparameters 6 = (01, 62) — p(6| M)

f9; f0, 9
> Bayes: — p(f, 0|g; M) = P& M)p/(JEgIM)/Vl) p(OIM)

» Joint MAP: (f,0) = argmax {p(f, 0|g; M)}
(f.0)

p(flgi M) = [ p(f,0|g; M)df

p(0lg: M) = [ p(f,0lg; M)do

~

f = [fp(f,6lg; M)dfdo
6 = [6p(f,0|g; M)dfdo

» Evidence of the model:

> Marginalization: {

» Posterior means: {

p(gl M) = // p(glf, 0; M)p(F0; M)p(6]M) df do
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MAP estimation with different prior models

g=Hf +e€
f=Cf+z with z~ N(0,021)

{g:Hf—i—e
Df =z with D = (I — C)

p(f) =N (0,03(D'D)?)
p(flg) = N(f,Ps) with f=P/H'g, P;= (H'H+AD'D) "
J(f) = —~Inp(flg) = |lg — HF|[> + A|| DF||?

f =Wz with z~ N(0,021)

{ngf+e {g:Hf—i—e
p(F) = N (0, 02(WW) ~

p(zlg) = N'(z,P.) with z = P,W'H'g, P, = (W'H'HW + AI)
J(z) = —Inp(z|g) = ||lg — HWzH2 + )\HzHZ =Wz
z decomposition coefficients
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MAP estimation and Compressed Sensing

g=Hf +¢
f =Wz

» W a code book matrix, z coefficients

» Gaussian:

p(z) = N(0,021) o< exp [—ﬁ > |Zj|2}
J(z) = —Inp(zlg) = g — HWz|]> + A3, |7

» Generalized Gaussian (sparsity, 8 = 1):

p(z) x exp [-A Y |21
J(z) = ~Inp(zlg) = lg — HWz[]2 + A Y, |2/

> z=argming {J(z)} — F =Wz
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Two main steps in the Bayesian approach

» Prior modeling

» Separable:
Gaussian, Generalized Gaussian, Gamma,
mixture of Gaussians, mixture of Gammas, ...
» Markovian: Gauss-Markov, GGM, ...
» Separable or Markovian with hidden variables
(contours, region labels)
» Choice of the estimator and computational aspects
MAP, Posterior mean, Marginal MAP
MAP needs optimization algorithms
Posterior mean needs integration methods

Marginal MAP needs integration and optimization
Approximations:

v

vVvyVvyy

> Gaussian approximation (Laplace)
» Numerical exploration MCMC
> Variational Bayes (Separable approximation)
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Which images | am looking for?

ES ’ _ g
k mt"”
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Which image | am looking for?

||
_ ||| . ||1| 1 |lI||
— i Ny My
A anunl A\l
— l||“'1 T/ |U-|J A
VNIV VW U
b |j|
Gaussian

Generalized Gaussian

p(f;‘qjv 67

Piecewize Gaussian
)=

N((1 = g)fi-1,07)
A. Mohammad-Djafari,

Mixture of GM
p(filzj = k) = N (my, 07)

o F
Bayesian inference & algorithms for large scale CT,

19th HERCULES Specialized

Course,

Greno



Gauss-Markov-Potts prior models for images

"In NDT applications of CT, the objects are, in general, composed of a
finite number of materials, and the voxels corresponding to each
materials are grouped in compact regions”

How to model this prior information?

f(r) z(r) e {1,....K}
p(F(r)]z(r) = k, mic, vii) = N (mg, vi)
f(r)) = Z P(z(r) = k) N(m{, vk) Mixture of Gaussi ns

p(z(r)|z(K),r" € V(r)) < exp | v Z o(z ()

rey(r
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

» f|z Gaussian iid, ziid :
Mixture of Gaussians

» f|z Gauss-Markov, ziid :
Mixture of Gauss-Markov

» f|z Gaussian iid, z Potts-Markov :
Mixture of Independent Gaussians
(MIG with Hidden Potts)

»
)Jf(r)
i
-
Jz(r)

A. Mohammad-Djafari, Bayesian inference & algorithms for large scale CT, 19th HERCULES Specialized Course, Greno

» f|z Markov, z Potts-Markov :
Mixture of Gauss-Markov
(MGM with hidden Potts)



Four different cases

el

)

= {11

Case 1: Mixture of Gaussians

g(r)
o e
/ . fm

f(r)

z(1)

Case 3: MIG with Hidden Potts

A. Mohammad-Djafari,

Bayesian inference & algorithms for large scale CT,

g(r)
f(r)
o | e
- z(1)
- -
=(x")
Case 2: Mixture of Gauss-Markov
glr)
L -
E ¥ f(r)
.:r';..‘ \\;. Fr")
- Y
‘;7;’\ _)ﬂh
;A \\ z(x)
- =(1r)

Case 4: MGM with hidden Potts
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Four different cases

o—0 0—0
O»—0 0—o0

O»—0 0—o0

o—0 0—O

0—o0

L. ..

_—0——0 Q0 00

o ——0—0

o —0——O0

00
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Case 1: f|z Gaussian iid, z iid
Independent Mixture of Independent Gaussiens (IMIG):

cy ()
p(F(1)|z(r) = k) = N(mi, vi), YreR
p(£(r)) = oK N (my, vie), with 37, a = 1. £(x)
p(z) = [1¢ p(2(r) = k) = [Ty ax = [T, a* P

Noting Ri={r:z(r) =k}, R =URk,

my(r) = my, vo(r) = vk, az(r) = ak, Vr € Ry

we have:
p(flz) = J[N(ma(r), v(r))
rerR
pz) = [Texr) = [Joi=> "7 = [T ap
r k k

A. Mohammad-Djafari, Bayesian inference & algorithms for large scale CT, 19th HERCULES Specialized Course, Greno



Case 2:  f|z Gauss-Markov,  z iid

Independent Mixture atm
of Gauss-Markov (IMGM): ® .
Y R
p(f()lz(r), z(r), f(F).r €V() @ | @ _
f(r')
= N(pz()vz(r)),Vr e R z(r
pelr) = b ) I o
pp(r') = 6(z(r') = z(r)) £(r') + (1 = 6(z(r') — z(r)) mz(r)
= (I-c(r)) f(r) + c(r) mz(r')

p(Fl2) o [Ty M(par), va(r))  ox Tl kN (e, )
p(z) =TIy vz(r) =[x oy’

with 1, = 1,Vr € Ry and Xy a covariance matrix (ng X n).
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Case 3: f|z Gauss iid, z Potts

g(r)
Gauss iid as in Case 1:
£(r)
pflz) =Illrer N(mz(r), 2(r)) @ | @
= [Lk [Trer, N (mi, vi) -,) l\. =(r)
=(r')

Potts-Markov:

p(z(N)|z(r),r € V(r) ocexp |y Y d(z(r) — 2(r))

r'ev(r)

p(z) x exp ’yz Z 5(z(r) — z(r"))

rerRrey(r
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Case 4: f|z Gauss-Markov, z Potts

g(r)
Gauss-Markov as in Case 2:
o | e
N X Fr)
p(f(r)|z(r)7z(r/)7 f(r’),r’ eV(r)= @ z; \\-1(::' 3
‘7{\ \b
L
N(pz(r), vo(r)),¥r € R s N
- =(r")

pz(r) = WZr’ev(r) p3(r')
pp(r') = 0(z(r') — 2(r)) £(r') + (1 = 6(2(r') — z(r)) mo(r)

p(flz) o [Te N(pz(r), vz (r)) o< TT, ckN (mil, Ey)
Potts-Markov as in Case 3:

) x exp 'yz Z o(z r'))

rerrey(r
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Summary of the two proposed models

f|z Gaussian iid f|z Markov
z Potts-Markov z Potts-Markov

(MIG with Hidden Potts) (MGM with hidden Potts)
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Bayesian Computation

p(F,2,018)  p(glf.2, ve) p(Flz, m,v) p(zl, @) p(6)
0 = {v, (ag, me,vk), k=1, K} p(0) Conjugate priors

» Direct computation and use of p(f,z, 0|g; M) is too complex

» Possible approximations :
» Gauss-Laplace (Gaussian approximation)
» Exploration (Sampling) using MCMC methods
» Separable approximation (Variational techniques)

» Main idea in Variational Bayesian methods:
Approximate
q(f, z,0) = q1(f) 92(z) 93(0)

p(f.z,0lg; M) by
: KL(q:p)

» Choice of approximation criterion :
» Choice of appropriate families of probability laws

for g1(f), q2(z) and g5(6)
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MCMC based algorithm

p(f,z,0lg) o p(glf,z,0) p(f|z, 0) p(z) p(0)
General scheme:
f~p(flz,0,8) — 2~ p(zlf.0,g) — 0 ~ (0If,2.8)

> Sample f from p(f|2, 6. g) o p(glf, 0) p(f|2, 0)
Needs optimisation of a quadratic criterion.

> Sample  from p(z[f, 0, g)  p(gff.2.8) p(2)
Needs sampling of a Potts Markov field.

> Sample 0 from p(0[F, 2, &) o< p(glf, o21) p(FIz. (mk, vc)) p(0)
— analytical expressions.
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Application of CT in NDT

Reconstruction from only 2 projections

_

gi(x) = / f(x,y)dy

T gz(y)=/f(><,y)dx

» Given the marginals gi(x) and g»(y) find the joint distribution

f(x,y).

» Infinite number of solutions : 7(x,y) = g1(x) g2(y) Q(x, y)

Q(x, y) is a Copula:

/Q(x,y)dx—l and /Q(x,y)dy—l
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Application in CT

|

glf flz z q
g =Hf +¢ iid Gaussian id q(r) € {0,1}
g|f ~ N(Hf,o21) or or 1—0(z(r) — z(r))
Gaussian Gauss-Markov Potts binary

Unsupervised Bayesian estimation:

p(f.2,6lg) o p(glf. z,6) p(f|z,6) p(6)
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Results: 2D case

D “
%s
2
)

Original Backprojection

N LN
\| L

Gauss-Markov+pos GM+Line process

L
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Some results in 3D case
(Results obtained with collaboration with CEA)

/ 10 08 06 0504 UUX\
B NEsoe- \
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® @ 000 f

\ /'
',,/
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FeldKamp Proposed method

Phantom
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Some results in 3D case

FeldKamp Proposed method
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Some results in 3D case

Experimental setup

/ Generatour de Rayon X

Feldkamp

Reconstruction by proposed methos
—~ B o

Notre méthode
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Application: liquid evaporation in metalic esponge
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Conclusions

» Gauss-Markov-Potts are useful prior models for images
incorporating regions and contours

» Bayesian computation needs often pproximations (Laplace,
MCMC, Variational Bayes)

» Application in different CT systems (X ray, Ultrasound,
Microwave, PET, SPECT) as well as other inverse problems

Work in Progress and Perspectives :
» Efficient implementation in 2D and 3D cases using GPU

» Evaluation of performances and comparison with MCMC
methods

» Application to other linear and non linear inverse problems:
(PET, SPECT or ultrasound and microwave imaging)
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Classical Linear Inverse Problems

g = Hf + ¢,

» Regularization (L2, L1, TV, ...)

J(F) = llg — HF | + AR()

R(E) = {IFI3, IF13. 113, [DF I3, | DF 1, | DAL, .. }
» Bayesian MAP

plelf) = N(glHF, v.1) o exp | 51 lg — |1
(1) xoxp [21F12] , exp [22IDF:] . exp [l .-

p(l8) x exp | (1) = Faas = argimax (1)} = sgimin ()}
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Variable splitting or How to account for all uncertainties

Go beyound the classical forward model:

g=Hf+e—g=Hf+¢6+¢, g=Hf+&+u+e

Variable splitting: Different interpretations

) 8=8pt¢ . ) 8=8pt¢
Casel : Case4 :
{80=Hf+€ {go:H(f+f0)+§
. ) 8=8gt¥¢ . ) 8=8gptu-teg,
Case2.{g0:Hf+u+£ C._:Jse5.{g0:Hf+€
g:g0+€7
g:g0+€7
Case3:{ B Caseb: ¢ go=Hf +u+§,
go = (H+oH)f + ¢, = SHF+C.
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State of the art Regularization methods for the simple case

g=Hf +e€
Regularization (or MAP):

J(F) = g — HF|I3 + AR(f)

R(E) = {IFI3, IF1, 1IF15, IDFI3, IDF s, DF)}
Optimization algorithms:
» Gradient based (Steepest descent, CG, ...)

flk+1) — g(k) 4 a(k)[H’(g _ Hf(k)) _ )\f(k)]
» Augmented Lagrangian (ADMM):
Minimize J(f) = ||g — Hf||3 + AR(f) subject to g = Hf

» Bregman convex optimization (ISTA, FISTA,...):
Minimize J(f) = ||g — Hf||3 + AR(f) subject to R(f) < q||f|?
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Augmented Lagrangian (AL)
> Minimize J(f) = ||g — HF||3 + AR(f) subject to g = Hf
» Lagrangian:
L(f, 1) = |lg — HF |5 + AR(Df) + 1/ (Hf — g),
which gives the following algorithm:

flt)) = £(0) 4 oW 2H (g — HF() — AD'VR(F()) — H'pi]
H/(k+l) = 'u(k) + agk)(Hf(k) _ g)
> Particular case of R(f) = ||f|1
fD) — £(0) 4 o9 ST, [2H (g — HFW)]
k) = (0 4 QO HFR  g).
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Augmented Lagrangian (ADMM)

e Synthesis criterion and AL:
min J(z) = ||g — HDz||3 + AR(z) s.t. HDz = g,

for which the solution is obtained as the stationary point of the AL:
L(z,n) = |lg — HDz||3 + AR(z) + 1/(HDz — g),

which gives the following algorithm:

20+1) = 200 4 oM [D'H/(g — HDz(W) — AVR(z(W) — D'H'yy]

At the end of the iterations, we can compute f=Dz

A. Mohammad-Djafari, Bayesian inference & algorithms for large scale CT, 19th HERCULES Specialized Course, Greno



Bregman convex optimization (ISTA, FISTA? ...)

Bregman convex optimization (ISTA, FISTA,...):

Minimize J(f) = ||g — Hf||3 + AR(f) subject to R(f) < q|/f||?
MinMax, Duality, ...

Particular case: R(f) = |Df|;:

Minimize J(f) = ||g — Hf||3 + q||Df||3 subject to Df = z

L(f,z, 1) = |lg — HF|3 + qllz|1 + 1/(Df — 2),

F1) = £(R) 4 ag")ksru[zw(g — HF)]
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State of the Art Bayesian methods for the simple case
g=Hf +e¢€
Supervized Gaussian case:
p(flg) = N(F[F. )
f=[HH+ M Hg
S =v[HH+ AL, A=

ve

{ p(glf) = N(g|Hf, vl)
p(f) = N(f[0, vel)

Unsupervised Gaussian

p(flg, ve, vr) = N(f[f, Z)
p(glf, ve) = N(g|HF, vel) f=[HH+] 'Hg
p(flvr) = N(FIO,vl) ) Z=0[HH+ M A= F
p(ve) = 2G(vr|oey, Beo) p(vilg, f) = ZG(v|ae, Be)
p(vr) = ZG(vrlos, Br) p(velg) = TG (vrlar, Br)

\ e, Be, af, Br

Different inference tools: JMAP, Gibbs sampling MCMC, VBA
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State of the Art Bayesian methods for the simple case
p(flg, ve, vi) = N(f[F, X)

p(glf, v.) = N(g[Hf, vl) _ 1

p(flvr) = N(F|0, vel) N f " [:L)i]A|]H1g %
p(ve) = ZG(vr |ty Beo) =V N
P(Vf) :Zg(vf’aﬁ)aﬁfb) p(Ve‘g7 ) Ig(vs’amﬁe)

p(velg, F) = TG(ve|dir, Br)
p(f, Ve, V§|g) X exp [_J(fa Ve, Vﬁ)]

» JMAP: Alternate optimization with respect to f, v, v¢:

(ceo+1) Inve+Bey /vet(ag+1) In ve+Be [ ve

1
J(f, ve, =
( )V Vf) 2‘/6
» Gibbs sampling MCMC:
f~ p(f, ve, ve|g) = ve ~ p(velg, f) = v ~ p(vs|g, f)

» Variational Bayesian Approximation: Approximate
p(f, ve, ve|g) by a separable one
q(f, ve, ve) = qu(f, ve, ve)g2(ve)q3(ve) minimizing KL(qlp).
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Hierarchical models for more robustness

g = Hf + ¢,
f=Dz+ ¢, zsparse DE

Supervized Gaussian case:

f, —J(f,
p(glf) = N (g|Hf, vl) IJDEf,j)giO( engp[ HECH%:)-]
p(f|z) = N(f|Dz, vel) — Hf ol
p(z) = DE(f|7) o exp [~ z|l1] 2v§

Unsupervized Gaussian case:

(p(g|f) = N(g|HF, v.l) [p(F.z,7, v, velg) o exp [—J(F, 2,7, ve, ve)]
p(flz) = N (f|Dz,vel) | J(F,z viive,7) = 5 |lg — HF[3+

p(z) o exp[—7||z1] — zVJf—DszJFVH it

P(7) = ZG (7|0, Byo) (ay0 + 1) Invy + Byo/v

P(Vve) = ZG(Ve|ateys Beo ) (g + 1) Inve + Bey/ Ve

p(v. ) :Ig(vda&o’ﬁfo) (a£0+1)|n V5+5§0/V£

Alternate optimization of this criterion gives ADMM like algorithms

Main advantage: direct updates of the hyperparameters
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Hierarchical models for more robustness

g = Hf + ¢,
p(zjlvz) = N(zj[0, vz)),

f=Dz+(, zsparse Student — {
¢ p(V2y) = TG(vzsl01zy, )

(p(g|f) = N (g|HF, vl) p(f,z,vz, v, velg) oc exp [—J(F, z, vz, ve, ve)]
p(f|z) = N(f|Dz, vel) J(F,z,vz, v, ve) = 1
p(zlvz) = N(2[0,V;) — 5 I8 — HE[3 + 51 [If — Dz[3 + ||V = 2|3+
p(vz) = I1;ZG(vzjlaz, Bx) | 3 i(az + 1) Invzj + Bz / vz
p(Ve) :Ig(vﬁ|a607ﬁ€o) (aeo +1)In Vg—"_BeO/Vg
p(ve) = ZG(ve|agy, Bey) (g + 1) Inve + By /ve

Main advantages:
» Quadratic optimization with respect to f and z

> Direct updates of the hyperparameters v, and v¢
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Non stationary noise and sparsity enforcing prior in the
same framework

g = Hf + ¢, € non stationary — {P(6:| o) = N (€0, Ve)s

P(Ve;) = ZG(ve;| ey, Beo)
p(zjlvz;) = N (20, vz)),
f=Dz+(, zsparse Student—>{ J J J
¢ zep (1) = TG(v. 1z )
(p(glf) = N(g[HF, V) plf 2, vzve, velg) o exp [=J(F, 2, vz, ve, v
p(f|z) = N(f|Dz, vl) J(F z,vz,ve, ve) = [V (g — Hf)ll%Jr
p(zlvz) = N(z]0,V;) — o If = Dz|3 + ||V, 2 2|3
p(Vz) = HjIg(sz’Otzoszo) Zj(azo -+ 1) In Vzj + 520/sz
p(Ve) = H,-Ig(vei|0460a 5&0) Zj(aeo + ]_) In Ve, + /860/‘/6,‘
P(ve) = ZG(velag,, Beo ) (g, + 1) Inve + Be, [ ve

Main advantages:
» Quadratic optimization with respect to f and z

» Direct updates of the hyperparameters
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Variable splitting or How to account for all uncertainties

Standard case:

_ g:g0+e7
g_Hf+e—>{ g0 — Hf

Error splitting:

g:g0+€7
= Hf —
g=Hi+o+e {gosz+§

or even

g:g0+€7

g:Hf+u+£+e—>{ gy = Hf +u+¢
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Error terme variable splitting

p(gIgo, Vﬁ) = N(g|g07 V5|), p(Ve) = Ig(vﬁ|a607ﬁ60)v
p(golf, fo, ve) = N(go|H(f + fo), V),
V¢ = diag [v5]

( o) =TT p(vei) =TI, TG (veilagy  Bey),
p(flve) = N(f|0,V¢), V¢ = diag]|vs]

p(v ):l_L 1 p(ve) = TT%1 ZG(vejlas,, Br),
p(fo) = N (fol0, vul),

which results in:
p(f, 80, fo, Ve, ve, vr|g) o< exp [—J(F, gg, fo, Ve, ve,vr)]  with
f,80,f0, ve,ve, v, vy) =
2 lg — goll3 + %HV*” (80 — H(f +fo)) I3
+ HIVE 2B + 5L lIfol3 + (ae + 1) Inve +
+ 31, (g + 1)invg + 5

—I—Zszl (an +1)Inve + ﬁf“

L Ba
€
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